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Abstract— One of the key issues in large Wireless Sensor
Networks is a precise position determination of every node with
minimal hardware requirements and lowest energy consumption.
Exact localization techniques, which are prone to input errors,
are resource-intensive and not feasible on simple sensor nodes
without adaptations. The key mechanism is to effectively split
the complex computation and distribute the communication load
across all nodes. Therefore, we present the ”Distributed Least
Squares” (DLS)-algorithm. DLS is a resource-aware localization
method that achieves 47% computation savings and 86% energy
savings compared to the reference method, a ”Fully Distributed
Multilateration” on every sensor node.

I. I NTRODUCTION
A Wireless Sensor Network (WSN) consists of a large
number of tiny wireless devices, able to sense the environment,
compute simple tasks and communicate with each other [1].
Due to the desired node size of only a few cubic millimeters, the most limited resource is the available energy [2].
Therefore, achieving a long lifetime of the sensor network
requires low power hardware as well as optimized algorithms.
The stochastical deployment process of sensor networks, e.g.
distribution from an aircraft, leads to unknown positions at
initialization. For several reasons, a node’s position is very
important:
• Sensed data without a location where they were gathered
are generally useless.
• Fully covered sensor networks enable energy aware geographic routing.
• Self configuration and self organization are key mechanisms for robustness and can be easily realized with
position information.
• In many applications such as landshift monitoring, the
position itself is the information of interest.
With respect to the demanded miniaturized size of a sensor
node and its resource limitations, commercialized positioning
technologies such as the ”Global Positioning System” (GPS
[3]) or, from 2011, the European System ”Galileo” [4] can
not generally be used on all nodes. Therefore it is a common

practice to integrate an existing localization system on some
more powerful nodes, further called beacons. All remaining
nodes estimate their own position with distances or angles to
these beacons autonomously. Distances can be determined by
measuring the signal’s time of arrival (ToA) or the received
signal strength (RSS). Signals may be transmitted using radio,
infrared [5] or ultra sound [6]. If all these measurements
are exact, the coordinates can be simply computed by a
trilateration with three beacons. But multi-path effects leads,
especially indoor, to high measurement errors. Reflections of
electromagnetic waves from walls, objects or persons produce
high fluctuations of the received signal strength. Thus, the
trilateration process produces inaccurate coordinates.
If only low precision is required, approximative algorithms
estimate the position with only low power and hardware
requirements. Nevertheless, the primary focus must be distributing the highly complex, but also very precise exact
algorithms.
In this paper we show an effective approach for an energysaving determination of unknown coordinates with a high
precision. Here, the calculations are split between resourcelimited sensor nodes and a high-performance base station, such
as a powerful desktop computer or a more energy-rich node
in the network. Consequently, only simple calculations have
to be executed on the energy constrained sensor nodes.
This paper is subdivided as follows. In Section II, we give a
basic overview of methods for localization in wireless sensor
networks. After describing the basics of 2D-positioning in
III, we continue explaining the “Distributed Least Squares”
algorithm (DLS) in Section IV with all its resource requirements. Next, in Section V extensive simulations regarding
its communication and computation overhead are shown. The
paper is concluded in Section VI.
II. R ELATED W ORK
Considering energy constraints in sensor networks, the
group of approximate algorithms consumes less power but
estimates a position with a higher localization error. Different

approximate (also called coarse-grained) localization
approaches exist in the literature. Tian et al. completely
avoid distances in their approach [7]. First, triangles are
combined with all beacon coordinates in the field. Then every
sensor node uses a ”Point in Triangulation”-test (PiT-test)
to determine in which triangle surface it is. In this PiT-test
only neighbor relations are used. A following intersection
test with all filtered triangles shrinks the region where the
sensor node is probably located. In another approach by
Bulusu et al. every sensor node maintains a list with all
beacons in transmission range. The beacons are deployed on
an equidistant grid of points [8]. With all received positions
sent by the beacons, sensor nodes calculate the centroid as its
own position. This approach was extended with distances in
form of weights, which improved the precision [9]. Further
approaches introduce constraints [10] or a relative coordinate
system [11].

This system of equations must be linearized with either
Taylor series or a linearization tool [17]. Although the linearization tool is not as exact as the Taylor series, it requires no
mathematical differentiation and it is suitable for a distributed
implementation. Thus, we use the j’th equation of (1) as the
linearization tool. By adding and subtracting xj and yj to all
other equations this leads to:

Exact localization of a sensor node features high precision
and is based on solving a linear system of equations with
coordinates of the beacons and distances to them. With at least
three beacons, required in 2-dimensions, sensor nodes estimate
their positions via trilateration. More beacons than required
result in an over determined system of equations that must
be solved with e.g. a least-squares method (multilateration).
The multilateration produces accurate results, however it is
complex and resource-intensive and therefore not feasible on
resource-limited sensor nodes. Nevertheless, Savvides et al.
describe different approaches (Atomic, Iterative, Collaborative
Trilateration) for exact or fine-grained localization in wireless
sensor networks [12]. Kwon et al. presented a distributed
solution using least squares whereby errors in acoustic measurements can be reduced [13]. Ahmed et al. published a
new approach to combine the advantages of absolute and
relative localization methods [14]. Moreover, Karalar et al.
developed a low-energy system for positioning using least
squares, which can be integrated on individual sensor nodes
[15]. A general overview of distributed positioning systems is
given by Langendoen and Reijersin [16].
We demand exact localization methods that work on tiny
sensor nodes with highly limited energy resources. To achieve
this, we transfer the complex calculations such as matrix
multiplication or matrix inversion to the base station. Consequently, only simple calculations have to be executed on the
sensor nodes. Additionally, we reduce the communication and
memory requirements through optimizations of the proposed
algorithm.

Because it is not important which equation we use as
a linearization tool, j = 1 is sufficient. This is equal to
choosing the first beacon and if i = 2, 3, . . . , m this leads to
a linear system of equations with m − 1 equations and n = 2
unknowns.

III. BACKGROUND : D ETERMINING A P OSITION IN
T WO -D IMENSIONS
Estimating the position of an unknown point P (x, y) requires at least three known points in two-dimensions. With m
known coordinates B(xi , yi ) and its distances ri to them we
obtain:
2

2

(x − xi ) + (y − yi ) = ri2

(i = 1, 2, . . . , m)

(1)

2

2

(x − xj + xj − xi ) + (y − yj + yj − yi ) = ri2
(i = 1, 2, . . . , j − 1, j + 1, . . . , m)

(2)

With the distance rj (ri ), the distance between the unknown
point and the j’th (i’th) beacon, and the distance dij , the
distance between beacon Bi and Bj , this leads, after resolving
and simplifying, to:
(x −xj )(xi − xj ) +
 (y − yj )(yi − yj )
= 12 rj2 − ri2 + d2ij = bij

(x − x1 )(x2 − x1 ) + (y − y1 )(y2 − y1 )
(x − x1 )(x3 − x1 ) + (y − y1 )(y3 − y1 )
(x − x1 )(xm − x1 ) + (y − y1 )(ym − y1 )
This system of equations can be written
Ax = b with:
⎛
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(5)

Now this basic form has to be solved using the linear
least squares method. Due to the fact that overdetermined
systems of equations with m >> n have no exact solution for
Ax = b, we have to apply the L2-norm. This is also called
the Euclidean norm, which minimizes the sum of the squares
of the residuals:
M inimize
||Ax − b||2 .
x ∈ n

(6)

To summarize, linear systems of equations can be solved iteratively using splitting techniques or directly with the normal
equations or orthogonal factorization. Existing techniques are

numerous but often the differences between them are small.
For this reason, we focus our studies on normal equations only.
It has to be noted that the following algorithm works similarly
with QR-Factorization (QRF) or Singular-Value Decomposition (SVD) if needed. For all others methods we recommend
[18].
A trivial solution of the least squares problem is to reconvert
after x. In this case, the unique solution of Ax ≈ b is given
by:
||Ax − b||2 → AT Ax = AT b.

and computes Ap . The result is sent over beacons to all
sensor nodes, which estimate their position after measuring
the distances to all beacons and executing the postcalculation
in phase 3. This leads to the following sequence:
•

Phase 1: Initialization
- All beacons send their position B(x, y)
to the base station.

•

Phase 2: Complex Precalculation (central)
- Base station builds matrix A and vector dp .
- Starting the complex precalculation of matrix Ap .

•

Phase 3: Simple Postcalculation (distributed)
- Base station sends matrix Ap
and vector dp to all sensor nodes.
- Sensor nodes determine the distance to
every beacon r1 ..rm .
- Sensor nodes receive matrix Ap
and vector dp , built vector
b and estimate their own position
Pest (x, y) autonomously.

(7)

Solving normal equations is a good choice if the linear
system has many more equations than unknowns, i.e. m >>
n, because after the multiplication AT A the result is only
a quadratic [n × n]-matrix. This simplifies the following
computation and makes it easier to be implemented in software. However, there can occur numerical difficulties leading
to completely wrong positions. For that reason, orthogonal
techniques must be used instead.
IV. T HE D ISTRIBUTED L EAST S QUARES A LGORITHM
A. General Idea
DLS builds on the mathematical formulations introduced in
the background section. By using the linearization tool the
matrices in Equ. (5) have two important benefits. First, all
elements in the coefficient matrix A are generated by beacon
positions B1 (x, y) . . . Bm (x, y) only. We assume in the first
instance that all sensor nodes can establish communication
links between all beacons, then matrix A is the same on
every sensor node. Second, vector b contains distances between sensor nodes and beacons r1 . . . rm , which have to be
estimated on every sensor node independently. The result is
that the normal equations (QRF and SVD as well) can be
split into two parts - a more complex part, the precalculation:
−1
Ap = AT · A
·AT and a simple part: Ap ·b, further called
the postcalculation. Here, the precalculation is executed on
one high performance node, which additionally avoids high
redundancy, because normally this precalculation has to be
executed on all sensor nodes separately. It is very important
to emphasize that the precalculation is identical on each sensor
node. Thus, it is calculated only once, conserving expensive
energy resources. The simple postcalculation is then executed
on each sensor node with its individual distance measurements
to all beacons. This approach complies with two important
design strategies for algorithms in large sensor networks - a
resource-aware and distributed localization procedure. Finally, this can be achieved with less communication overhead
required for other exact algorithms.

C. Resource Issues
1) Computation Complexity: At this point it is important to
compare the complexity of the normal equations with the postcalculation. In order to define the complexity mathematically,
we count the number of floating point operations (flops), which
is a commonly used method in literature. The required number
of computation cycles strongly depends on the used hardware.
Therefore, we count for every operation one flop whether
it is an addition, subtraction, multiplication or division1 . At
this stage, we do not consider copying-operations in the
memory, because this operation depends on the individual
implementation of the algorithm.
As before, we will confine the explanation to two dimensions. Due to the linearization with a linearization tool the
matrix A and the vector b have (m − 1)- rows. For a better
understanding we calculate with k-rows and substitute at the
end: m = k + 1.
The linear system of equations:

B. Algorithm Description

1
AT [r12 − r2 + d2 ]
(8)
2
has to be solved. We divide the calculation into the following complexities.
1) Multiplying the [n × k]-matrix AT with the [k × n]flops2 .
matrix A leads to n(n+1)
2
2) The [n × n]-matrix, resulting from 1., must be inverted3
with a complexity of n3 .

At this point we briefly describe the algorithm process.
DLS is divided into three phases, which are shown in
Fig. 1. In phase 1 all beacons send their position Bi (x, y)
hop-by-hop over their beacon neighbors to the base station. In
phase 2 the base station starts generating the initial matrices

1 It should be noted that in the arithmetic unit of a processor a division
is a more complex operation than an addition. We will focus on theoretical
analysis.
2 Some operations can be saved by multiplying a transposed matrix with
itself.
3 The inversion of a matrix is very complex with n3 flops (see [19]).

x = AT A
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Procedure of the DLS-algorithm, which is divided into three phases.

3) The [n×n]-matrix, resulting from 2., must be multiplied
with the [n × k]-matrix AT , which costs 2n2 k − nk
flops. This leads to the precalculated Matrix Ap .
4) The matrix Ap must be multiplied with the k-vector b.
This step has a complexity of 2kn − n flops.
5) The calculation of b needs 5k + 1 flops.
With k = m − 1 this leads to a total complexity of 15m − 5
for the least squares method with m beacons and n = 2
unknowns. That means, with 100 beacons and the summation
of x1 and y1 we need 1497 floating point operations. Now it
can be determined what we save on the sensor nodes without
complex precalculations regarding only the remaining postcalculation. On the basis of (8), the base station precalculates
Ap = (AT A)−1 AT and dp = d2 . The matrix Ap and vector
dp are sent to all sensor nodes. Together with the distances r
to all beacons, which every sensor node must determine itself,
the postcalculation starts:
1
x = Ap (r12 − r2 + dp )
2

(9)

This computation requires 8m − 11 flops, which leads with
100 beacons and the summation of x1 and y1 to 791 flops. It
results that DLS saves 47.16% on the sensor nodes compared
to the full calculation. We found out that the savings are even
higher for QRF (99.97 %) and SVD (99.03 %) [20].
2) Communication Effort: Due to the fact that communication consumes most of the energy, data transfer between
sensor nodes must be minimized. Particularly, sending data
over long distances stresses the energy capacity of sensor
nodes. Communication between base station and beacons is
less critical and must be preferred if possible. Therefore, we
classify communication in two phases. An uncritical phase,
where all beacons send their positions to the base station.
This causes no energy loss on the sensor nodes. Additionally,
in a critical phase, where the base station sends precalculated
information to the sensor nodes that have, in theory, to receive
only. Due to errors in the transmission channel and protocols
that require acknowledge packets etc., transmitting/sending is
never lossless in practice. Furthermore, the base station cannot

reach every sensor node in one hop, which demands multihopping over some nodes. This will be discussed in Section
IV-C.4.
Here, we focus on a theoretical examination of the algorithm
that is, for the moment, independent of protocol definitions
and media access operations. Hence, every sensor node must
receive the precalculated matrix Ap and vector dp with
[n · (m − 1) + (m − 1)] elements. This results in receiving
(3m − 3) elements, which are 1188 bytes with 100 beacons
and floating point representation of every element.4 In contrast,
for the completely distributed case every beacon would send
its coordinates directly to all sensor nodes. Thus, every sensor
node has to receive 2(m) elements for x and y. In comparison
to our algorithm this would result in 800 bytes, which is not
significantly lower.
3) Memory Requirement: The reduced calculations must be
feasible on sensor nodes with a very small memory, mostly not
more than a few kilobytes of RAM. In our case, the memory
consuming operation is always Ap · 12 · (r12 − r2 + dp ). In the
worst case Ap and r plus dp must be stored temporarily in
memory before the execution on the sensor node can start. In
more detail [2·(m−1)]+(m−1)+(m−1) = (4m−4) elements
must be stored (see Fig. 2). In floating point representation
with m = 100 beacons already 0.796 kB must be allocated for
localization only. Normally, the localization task is part of the
middleware that has to execute many more tasks. Additionally,
temporary variables, which increase the memory consumption,
are needed. Given these facts we studied the critical operations
in more detail.
In reality, input data for sensor nodes arrive in packets
and will be disassembled into a serial data stream. Due to
problems in the transmission channel, a sorted order of the
incoming packets cannot be guaranteed. The data can arrive
in an unsorted form and the calculation begins after receiving
all data. However, the reduced calculation has a further useful
quality. Individual calculations of Ap · b can be executed
after the arrival of only some elements without collecting all
4 On common microcontrollers, that are presently integrated on sensor node
platforms, every element is stored in floating point representation as a 4 byte
number.
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Serial data flow from base station to sensor nodes. In this unoptimized case, all packets have to be stored temporary, which results in high memory

data. Only one accumulator for the position Pest (x) and one
for the position Pest (y) of the sensor node is needed. With
aij (i = 1..2, j = 1..m − 1) and bs (s = 1..m − 1) the
following assumptions can be made. If elements with j = s
are available, an immediate multiplication of aij · bs and a
subsequent accumulation in Pest (x, y) is possible. The index
i distinguishes into which accumulator it must be written;
Pest (x) at i = 1 or Pest (y) at i = 2. This is illustrated in
Fig. 3. If the elements arrive in reverse order, the optimized
reduced calculation requires a worst-case calculation time of
(m − 1)/2. To avoid the case of unsorted data it is also
possible to send the elements aij , ds in appropriate tuples, e.g.
a11 , d1 ; a12 , d2 ; . . . ; aij , ds . In the best case, space in memory
has then to be reserved for only a few temporary variables
and two accumulators, which reduces memory consumption to
a minimum. By applying the last optimization the algorithm
is also memory aware and finally allows implementation on
resource constrained sensor nodes.
4) Missing Distance Measurements: So far, it was assumed
that every sensor node can reach every beacon in the network.
This is important to solve the system of equations in (5)
appropriately. In rough environments obstacles can influence
the line of sight between nodes, unconnected nodes arise or
asymmetric links prevent the communication between nodes
and beacons. Consequently, a direct connection to all beacons
is never realistically. However, in the following we explain
some important possibilities to enable a reliable execution of
DLS even under these circumstances.
a) Communication Via Neighbors: Due to relatively
short transmission ranges of the beacons, which are demanded
in WSN’s, multi-hopping mechanisms may be used to establish links between nodes which are not direct neighbors.
Without unconnected nodes in the network this allows establishing a communication between all nodes in the network.
By hopping over multiple nodes more than one distance
measurement must be taken into account. Different techniques
to solve this problem such as DV- [21] or amorphous-hopping
[22] exist in literature. If obstacles increase the number of
hops on the route and prevent the shortest path, estimation
results in distance errors. For this problem the literature offers
obstacle avoidance algorithms e.g. [23].
b) Matrix-Updates: A promising solution is to use the
qr-factorization instead of the normal equation. QRF provides
simple matrix updates, so that every sensor normally receive
the matrices Q and R. Then, missing distances to beacons

are deleted in Q, R by a qr-downdating, which is presented
in [19]. This mechanism is also very useful if new beacons,
which are not in the initial precalculation, are added.
c) Smart Clustering: A final possibility is to build clusters, which fulfill the assumption mentioned before, where all
nodes can reach all beacons. If more than one base station
exist, the base stations can adopt the role of the cluster head.
The network can be segmented and DLS is processed in every
cluster with different postcalculations.
V. S IMULATION AND D ISCUSSION
In the following, we show simulation results of a packet
simulator. Here, DLS was compared to a direct competitor, the
”Fully Distributed Multilateration” (FDM), which was among
others used by Savvides et al. in [12] in a similar way. FDM
is fully distributed, because every sensor node receives beacon
positions directly from beacons and executes both the pre- and
postcalculation completely independent.
A. Configuration
The simulation was performed in J-Sim, a sensor network
simulation framework by Tyan et al. [24], in which we added
a more complex and therefore more realistic energy model.
Our energy model considers the following parameter of energy
consumption 5 :
• Power-mode dependent energy consumption with sleep
and active mode
• Switching energy from sleep to active mode
• Distance dependent transmission of packets
• Computation complexity of the pre- and postcalculation
• Distance estimations with RSS measurements
• Position estimation via GPS on beacons
The specific energy parameters are based on the MICA2mote, which is currently the most popular sensor node platform. Beacons have batteries with 21600 Joule, sensor nodes
6650 Joule and base stations are not limited due to access to
an infrastructure. The network consists of one base station at
position P (x, y) = 1, 1 and 315 randomly uniformly deployed
nodes, including 15 beacons (with transmission range 60m)
and 300 sensor nodes (with transmission range 20m) in a sensor field with the dimension 100m×100m. This field is shown
in Fig. 4. We decided to use no special routing protocols,
5 Details of our energy model or the source code can be obtained from
frank.reichenbach@uni-rostock.de.
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Fig. 3. Serial data flow from base station to sensor nodes. In this optimized case, an immediately computation is executed, so that only some kB of RAM
are needed for DLS.

packet. After that, phase 2 began and ended at 90, 78s. At
this time the last sensor node received a packet with the
precalculated matrix Ap and was therefore able to estimate
its position. The whole process required the sending of 240
packets and the receiving of 2320 packets, where 12, 93%
were received by the sensor nodes only. Summarized, DLS
consumed 46, 64J less energy than FDM, which is equal
to 86, 48% savings. This is mainly due to three reasons.
First, every sensor node must receive only one packet. After
receiving this packet the node switched its transceiver to the
very low energy consuming sleep state. Second, compared
to FDM, a very simple calculation is executed on every
sensor node only. And third, instead of computing the matrix
Ap on all sensor nodes, which is performed once at the
base station, high redundant computations are avoided. Both
algorithms estimated the positions with a localization error
under 10−14 %, reflecting the exact distances used.
C. Energy Consumption on Sensor Nodes
Fig. 4. Sensor field with size 100 × 100 consisting of 315 nodes, including
15 beacons (red triangle), 300 sensor nodes (green dots) and one base station
(blue cross).

but restricted flooding to achieve a fair comparison between
both algorithms. Restricted means that no more packets are
forwarded by a node if all data required for computation have
been received.
B. Accumulated Energy Consumption
Fig. 5 shows the accumulated energy consumption of all
nodes in the field. The first position packet for FDM was
received at 66,82 seconds simulation time. After 16, 20s every
node received all beacon positions and started the computation
process to estimate its position. In this communication phase
224 position packets were sent by the beacons and 52429
packets were received by all nodes (95, 42% by sensor nodes),
which is highly energy-intensive.
DLS started phase 1 at 83, 32s by sending the first position

Fig. 6 shows the energy of each sensor node, which is the
most resource limited part in the network. In this figure we
can see, that sensor nodes with DLS need to receive for a very
short time period only. In this period DLS-packets are received
while the node computes its position simultaneously. After
receiving all DLS-packets the transceiver can be turned off
and the position was estimated with only a few computations.
No more packets must be received, which saves energy and
avoids redundancy. On the other hand in a FDM all sensor
nodes must receive all available beacon packets. The time
period of this process is unpredictable and took more than
16 seconds in our simulation. Sensor nodes are not able to
estimate their position until all packets are received. The long
active receiving process and the full computation on each node
with redundancy resulted in higher energy costs. Thus, DLS
needed significantly less energy compared to FDM.
VI. C ONCLUSION
We presented the ”Distributed Least Squares”-algorithm
(DLS), which allows exact position estimation with minimal
energy consumption. This algorithm is based on the least
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squares method, which is, for many beacons, unfeasible on
resource constrained sensor nodes. However, we decreased
communication overhead and computation complexity while
keeping its high precision. This can be achieved by splitting
the linear least squares method into a complex part, precalculated on a high-performance base station, and a very
simple postcalculation on every sensor node. Thus, we eliminated redundancy, because normally every sensor node has
to process the precalculation. With this approach and based
on a network containing 100 beacons we achieved 47.16%
savings in computation on every sensor node in comparison
to the ”Fully Distributed Multilateration” (FDM), as a direct
competitor. Moreover, DLS needs only a few kB of memory on
the sensor nodes. Finally, we showed in the packet-simulator
J-Sim that DLS consumes less energy than FDM - more than
86% savings in total. The next steps will be to develop a
more reliable version of DLS with missing beacon links and
an implementation on a sensor network platform.
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