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Abstract

The precise and “cost-efficient” localization is of
particular interest in large wireless sensor networks.
For this purpose, the pertinent literature proposes var-
ious algorithms, which significantly differ in local-
ization precision, energy consumption, and hardware
requirements. One of those algorithms, also known
as coarse-grained localization with centroid determi-
nation [3], has received particular attention due to
its very low (computational) requirements. This pa-
per extensively analyzes this algorithm with respect to
highest precision and minimal energy consumption in
dependence of the chosen beacon distribution. In so
doing, this paper proposes some algorithmic as well
as architectural modifications that yield noticeable im-
provements under certain circumstances.

1. Introduction

According to well-established understandings [1,
9], a sensor network consists of a huge number of
tiny sensor nodes, which are usually randomly dis-
tributed over an area of interest. All sensors measure
pre-specified environmental conditions and propagate
them by means of wireless radio capabilities to the
nearest receivers.

Because of the information processing done at later
stages, all sensor nodes are ought to know their (ap-
proximate) positions. Since the distribution of a huge
number of sensors is typically be done in a rather
stochastic process, assigning the location information
by hand-crafted methods is not feasible at all. Thus,
automatic algorithms are required for this task.

The pertinent literature on sensor networks pro-
poses various localization algorithms [3, 4, 6, 13]. It
is reasonable to sort these algorithms into two classes:
exact and approximative. Exact localization algo-
rithms utilize global methods, such as the global po-
sitioning system (GPS), the global system for mobile
communication (GSM), and Galileo [8], or derive the
exact position by performing some triangulation on

the strengths of the incoming signals with respect to
known points. In addition, fault-tolerant algorithms,
such as linear least squares [11], have been proposed.

The exact methods mentioned above, however, re-
quire sensor units with expensive hardware compo-
nents. They either employ hardware devices, e.g.,
GPS modules, and/or significant processing capabil-
ities to perform, for example, the required matrix
multiplications and matrix inversions. However, the
number of sensor nodes might be huge, and thus, the
overall costs of sophisticated hardware devices are
that high many applications cannot afford. There-
fore, the utility of exact localization algorithms is
limited to some applications, and are thus not fur-
ther discussed in this paper.

In order to facilitate the wide-spread dissemina-
tion of sensor networks, current designs aim at cheap
and small sensor nodes with a long time of opera-
tion. Also, typical wireless sensor nodes need to have
their own power supply, such as a battery, which fa-
vors power-saving algorithms and excludes too high
network traffic on which some exact (fine-grained) lo-
calization algorithms depend [11].

Many applications can tolerate position errors of
some moderate degree of up to about 15%. For them,
approximative localization algorithms might be inter-
esting alternatives, due to their considerably lower
hardware requirements in terms of radio modules,
processor speed, memory size, and so forth. This pa-
per focuses on a particular algorithm also known as
coarse-grained localization with centroid determina-
tion [3], since it has received recent interest [2]. This
algorithm is presented in Section 2.

The ultimate goal of (probably all) localization al-
gorithms is to yield a very high precision at minimal
energy costs. In this respect, it might be interest-
ing to analyze the functional dependencies between
these two parameters and how they depend on other
characteristics, such as the distribution and the trans-
mission strength of the beacons. In the present con-
text, beacons refer to particular (sensor) nodes that
do have extented energy resources and do know their



positions (further details are presented in Section 2).
The analysis of a localization algorithm, of course,
depends on the network in which it is employed. For
infinite networks, it is sufficient to only consider den-
sities, such as the number of sensors per square unit,
as has been adopted by the literature (e.g., [2]).

For finite networks, however, the situation changes
significantly, since bounding conditions at the edges
potentially affect the entire network analysis. For the
sake of simplicity, Section 3 starts off with analyzing
a simplification, the one-dimensional case. It then de-
rives an optimal beacon distribution, which performs
significantly better for a small or moderate number
of beacons. Besides being simple, a one-dimensional
analysis seems also justified, because several applica-
tions, such as reinforcing dykes by means of sandbags
for flood avoidance or climate observation in very
tall trees. These applications are one-dimensional
by their very nature [5], because the sensors are dis-
tributed along an extended narrow strip.

Section 4 applies the results of the one-dimensional
analysis to two dimensions by just a few modifica-
tions. Section 5 analyzes large transmission ranges
for which the performance of the localization algo-
rithm under consideration progressively degrades. It
also proposes some small algorithmic changes to over-
come this performance loss, and thus, to significantly
increase the algorithm’s fault tolerance behavior.

It should be noted here that the purpose of this pa-
per is not to propose the coarse-grained localization
algorithm, since this has already been done elsewhere
[3]. Rather, the goals of this paper is to analyze this
algorithm and to indicate some improvements by a
better understanding of the underlying mechanisms.
Moreover, the analyses presented in this paper al-
low for operating the sensor network in an optimal
(energy consumption) regime. Finally, Section 6 con-
cludes with a brief discussion.

2. Background: coarse-grained localiza-
tion

The coarse-grained localization algorithm with
centroid determination [3] assumes a finite two-
dimensional sensor network consisting of s sensor
nodes S1≤i≤s and b beacons B1≤i≤b. Beacons are a
few particular nodes that know their exact xBi

/yBi
-

coordinates. In the infrastructure case, the beacons
are distributed on a grid with distance d between
neighbors. The model makes the following four as-
sumptions [2, 3]:

1. all beacons broadcast their messages with per-
fect circular radio waves and equal transmission
range r,

2. all sensor nodes Si perfectly receive all messages
from all beacons within transmission range r,

3. none of the sensors receives any message from a
beacon further away than r.

4. no arriving message interferes with any other
message arriving at the same sensor.

In the positioning phase, the beacons periodically
broadcast their exact positions xBi

/yBi
along with

other, potentially essential information. During the
constant broadcast time interval τ , the sensor nodes
store all incoming messages. At the end of such a
period, all sensor nodes approximate their positions
x̃i/x̃i as follows:

x̃i =
1
ni

ni∑
k=1

xBk
, ỹi =

1
ni

ni∑
k=1

yBk
, (1)

with ni denoting the number of messages arriving at
sensor node i. Sensor nodes that do not receive any
message, i.e., ni=0, are called unknowns and are not
further considered. In the general case, the sensor
node’s approximated position x̃i/ỹi differs from its
true position xi/yi. The Euclidian distance

ei(x, y) =
√

(x̃i − xi)
2 + (ỹi − yi)

2 (2)

is called the approximation (or positioning) error
ei(x, y). The average approximation error ē is given
as:

ē =
1
s

s∑
i=1

ei(x, y) . (3)

It is obvious that both approximation errors ei(x, y)
and ē depend on the actual transmission range r. For
readability reasons, however, r is not explicitly noted,
since it is already subsumed in the approximations
x̃i/ỹi. In some cases, it is also worth to consider
the maximum error ê=maxi ei(xi, yi). Likewise, the
transmission range r is not noted explicitly.

3. The one-dimensional case

This section considers the one-dimensional case,
since it significantly eases the analysis and since the
results can be easily transfered to two dimensions.
Furthermore, this section considers only small trans-
mission ranges, such that all sensor nodes receive at
least one and at most two messages, i.e., 0.5d ≤ r < d.

3.1. Analysis
The pertinent literature, e.g., [2, 3], typically dis-

tributes all beacons such that a designated number
lies exactly on the edges of the area of interest. Fig-
ure 1 shows a one-dimensional example with b=5 bea-
cons with distance d between neighbors and covering
a total distance of D=d(b-1). In this example, bea-
cons B0 and Bb−1 are exactly at the region’s limits.
The figure also shows three different region classes,



Figure 1. This figure shows a one-
dimensional distribution of b=5 beacons
with distance d between neighbors. The fig-
ure indicates three different region classes
α (at the end), β (between beacons), and
γ (around beacons). For further details,
please see the text.

α, β, and γ, from which 2, b-1, and b-2 instances oc-
cur. In the remainder of this paper, the term α-nodes
refers to all sensor nodes that are in a region labeled
α, and Sαi

denote all sensor nodes that are in region
αi. Similarly, the same notation is used for all β and
γ-regions and nodes as well.

According to Figure 1 and Eq. (1), the coarse-
grained localization algorithm with centroid determi-
nation calculates the following positions:

xα0 = 0, xα1 = xBb−1 = D

xβi
=

xBi
+ xBi+1

2
xγi

= xi+1 . (4)

Since the regions’ sizes depend on the transmission
range r, both errors ē and ê also do, as is depicted in
Fig. 2.

The average error ēl of a symmetrically shaped re-
gion (such as region classes β and γ) of length l is
ēl = 1/(l/2)

∫ l/2

0
xdx = (2/l)(1/2)(l2/4) = l/4. For

two regions l1 and l2, this leads to ēl1=0.25l1 and
ēl2=0.25l2, respectively. If the α and β regions form
a region of constant length l=l1+l2, the resulting av-
erage error is ēl=(l1ēl1+l2ēl2)/l. This average error is
minimal, if and only if l1=l2=0.5l holds, and increases
for any l1 6=l2. The analysis for more than two regions
is straight forward and can be done recursively.

The fact that the average error is minimal only if
the regions are of equal size suggest that all regions β
and γ should also be of equal length. The condition
β = γ holds for

ropt = 0.75d, with ē = 0.25
d

2
, ê = 0.5

d

2
. (5)

In this case, all regions yield the same errors. This
also holds for the α-regions, even though they are of

Figure 2. This figure shows both the aver-
age and maximum errors ē and ê, respec-
tively, as a function of the transmission
range r for the simple one-dimensional case
with b=5 beacons distributed over a dis-
tance D=1, i.e., d=D/(b−1)=0.25.

half the size, but because the nodes derive a position
at the edges. For the example presented above, this
yields ēl=0.25l=0.25(d/2)=0.0325 and ê=0.0625 at
r=0.1875 as can be clearly seen in Fig. 2.

3.2. Optimal beacon distribution
The analysis presented in the previous subsection

indicates that the standard beacon distribution works
quite well but that it is suboptimal. In other words, a
slight modification of the beacons’ distribution might
improve the positioning error.

In the example described above, the entire area
is divided into (b-2) γ-class regions, (b-1) β-class re-
gions, and two α-class regions, with β and γ being of
length d/2, and α being of length α=β/2=γ/2=d/4.
The suboptimal usage of the α regions provide some
room for improvement. From an optimal approxima-

Figure 3. This figure shows a slightly mod-
ified case with some offset d

′

0 at both
ends and lightly shrunk distances d

′
. In

other words, the beacons have been slightly
moved towards the area’s center.



tion error point of view, it would be desirable to have
equivalent sizes. This can be achieved by increasing
α and slightly decreasing all β’s and γ’s. This goal
requires, as is indicated in Fig. 3, that all beacons
are slightly moved towards the center resulting in an
offset do at both ends.

The entire region D may be divided into 2+(b-
1)+(b-2) regions (α’s, β’s, and γ’s, respectively) of
equal size. Since α=β=γ holds, and since β+γ=d,
the regions’ length is

α = β = γ =
D

2b− 1
. (6)

The distances d
′
and d

′

0=0.25d
′
are then

d
′

=
2

2b− 1
D =

1
b− 0.5

D

d
′

0 =
0.5

2b− 1
D =

0.25
b− 0.5

D , (7)

with an optimal transmission range r
′
of

r
′

opt = 0.75d
′
=

3
4

2
2b− 1

D . (8)

A comparison with the standard distribution (Sub-
section 3.1), i.e., d=D/(b-1) and d0 = 0, indicates a
small improvement. The actual benefit clearly de-
pends on the number of beacons b and is exemplified
in both Fig. 4 and Table 1. Fig. 4 illustrates that the
optimal beacon distribution shifts the graph both to
the left and bottom. This indicates that the optimal
distribution requires less transmission energy (the left
shift) and yields an improved accuracy (the down-
wards shift). It can be (conservatively) assumed that
the radio energy consumption p∼r2 is quadratic in
terms of the transmission range r. Table 1 illustrates
that the energy savings ϕ is significant for a small
number of beacons b, and degrades to about 5-16%
for a moderate number of beacons b=20 or b=10.

Table 1. This table compares the standard
beacon distribution ( d, r) with the optimal
one (d

′
, r

′
) for D=1, and also displays

the energy quotient ϕ=(r/r
′
)2 assuming a

quadratic relation between the transmis-
sion range and the required electrical en-
ergy.

b 2 3 5 10 20
d 1.00 0.500 0.250 0.111 0.053
d
′

0.67 0.400 0.222 0.105 0.051
r 0.75 0.375 0.188 0.083 0.039
r
′

0.50 0.300 0.167 0.079 0.039
ϕ 2.25 1.563 1.266 1.114 1.053

Figure 4. This figure compares the stan-
dard beacon distribution, i.e., d=D/(b−1)
and d0=0.0, with the optimal one, i.e.,
d
′
=D/(b−0.5) and d

′

0=0.25d
′
.

4. The two-dimensional case

This section analyzes the two-dimensional case by
reusing some of the tools and results of the one-
dimensional case. As the previous one, this section
considers only small transmission ranges 0.5

√
2d ≤

r < d, such that most sensor nodes receive one or
two messages; some receive three or four, which is
due to the two-dimensional distribution (see below).
This section furthermore assumes bx×by beacons that
are distributed over an area of size Dx×Dy with con-
stant distance d between neighbors along the coordi-
nate axes.

Figure 5. In the two-dimensional case, four
different regions α, β, γ, and δ appear; re-
gions at the edge are not shown.



Figure 6. Optimal two-dimensional beacon
distribution with d = D/(b − 0.5) and d

′

0 =
0.25D/(b− 0.5).

4.1. Analysis
Figure 5 illustrates part of the two-dimensional

case including various region classes. It can be seen
that the two-dimensional case is more complicated
than the one-dimensional one: rather than consider-
ing simple one-dimensional lines, the various regions
appear rather complex and different in shape.

An exact analysis would be easy, if the regions
were of circular shape, and moderate, if they were
quadratic. But both are unfortunately not true. The
complex shapes, as illustrated in Figure 5, require
extented math. Even a brief review of the calcula-
tions would be beyond the scope of this paper; for a
thourogh analysis of the infinite case, the interested
reader is referred to the literature [10], which has de-
rived an optimal transmission range ropt=0.86d.

For a better understanding of the finite case,
the remainder of this setion discusses a few details
in a rather mathematically loose sense. The one-
dimensional analysis has shown that the network
yields a minimal average error ē, when all regions are
of equal size1. Assuming circular radio waves, the cir-
cles necessarily overlap, which leads to various shapes
as Fig. 5 shows.

Figure 5 highlights four different regions α, β, γ,
and δ, which are all results of intersecting circles. The
main two problems are:

1. The α and β regions are significantly larger than
the γ and δ regions. This is almost independent
of the transmission range.

2. The α regions are quite dominating due to their
size as well as their shape.

1The regions should also be of circular shape, since it has
the most compact form.

Figure 7. This figure compares the stan-
dard beacon distribution, i.e., d=D/(b−1)
and d0=0.0, with the optimal one, i.e.,
d
′
=D/(b−0.5) and d

′

0=0.25d
′

in two dimen-
sions with b=5 and D=1.

Obviously, the transmission range r determines the
size of all regions. Furthermore, it also determines
the shape of the α regions: it varies from a verti-
cal cigar, over nearly a square, to a horizontal cigar.
An α shape degenerating towards a cigar leads to
an unfavorable average error ēα. In other words,
the average error is close to the attainable mini-
mum, if due to its dominance, the α region’s height
h=2d− 2

√
r2 − 0.25d2 and width w=2r−d are equal

h=w. The optimal transmission range would then be
ropt=(5/6)d, which is very close to ropt=0.86d pre-
sented in [10]. The small difference is due to the in-
fluence of the other three regions.

4.2. Optimal beacon distribution
The standard distribution does not fully utilize the

areas at the network’s edges, as was already shown for
the one-dimensional case in Section 3. Thus, all bea-
cons should be slightly moved to the area’s center as
Fig. 6 illustrates. Due to the independence of both
coordinate axes x and y, the “shift” values of the
one-dimensional case can be used as a good starting
point2: d

′
= D/(b − 0.5), d

′

0 = 0.25d
′
. Figure 7 de-

picts the achievable performance gain, which resem-
bles the one-dimensional case for b = 5 and D = 1, as
already shown in Fig. 4. Again, the figure indicates
both a left and downwards shift indicating a higher
localization precision and lower energy costs.

4.3. Triangular beacon distribution
Both the theoretical analyses and the experimental

evidence presented in Subsections 4.1 and 4.2 suggest
that the average error ē is dominated by the α regions

2Numerical experiments suggest an optimal value for d0

that is about 15% smaller than Eq. (7) suggests.



Figure 8. Triangular distribution of the bea-
cons.

and the fact that all the regions cannot be made of
equal size.

Inspired by the omnipresence of hexagons in nat-
ural systems, this paper also investigates triangular
distributions (symmetrically overlaping hexagons ap-
pear as such). Figure 8 shows that a triangular distri-
bution shifts each other row by an offset o=d/2. The
main idea is that this distributions is able to better
equalize all the various area sizes and thus the error
values.

Figure 9 illustrates that the triangular distribution
of the beacons yields roughly the same improvements
in terms of both reduced transmission range r and
average error ē as the previous attempts; for a refer-
ence line, Figure 9 also shows the graphs from Fig. 7.
reference baseline.

Figure 9. This figure compares the stan-
dard beacon distribution, i.e., d=D/(b−1)
and d0=0.0, with both the triangular one i.e.,
d0=0, and the optimized triangular one, i.e.,
d
′

0=0.25d
′
=0.25D/(b−0.5).

Figure 10. For large transmission ranges r,
both errors ē and ê increase (in “waves”) un-
til they reach some stationary values ē =
0.25 and ê = 0.5. As Fig. 3, this one-
dimensional example distributes b=5 bea-
cons over an area D = 1. Please note that
for b > 5 both errors would further increase.

5. Large transmission ranges r

So far, this paper has discussed only small trans-
mission ranges 0.5d ≤ r ≤ d. In that case, all sen-
sor nodes receive messages from only one or two (up
to four in the two-dimensional case) beacons, which
makes the algorithm quite sensible to failures and/or
transmission errors. It might be assumed that in-
creasing the transmission range can improve the al-
gorithm’s robustness. However, Figure 10 shows that
this is not the case: values r > d lead to an odd
behavior in finite networks3: the localization preci-
sion progressively degrades; a behavior, which is cer-
tainly very undesirable (and somehow counter intu-
itive, since the nodes increase the average error, even
though they all receive more information). For the
sake of simplicity, this section as well first covers the
one-dimensional case and than applies the methods
and results to the two-dimensional one.

5.1. The one-dimensional case
The observable behavior for r > d can be explained

as follows: All sensor nodes derive their approximate
position according to Eq. (1) by averaging the loca-
tions of all beacons within distance r. In the net-
work’s center, for example, the γb/2 nodes arrive at
position xγ1+b/2 , which is close to their true physical
location. The reason for the high accuracy is that
the number of beacons to the left and right within
distance r is equal. The resulting average error ē
is therefore reasonably small, and the error curves

3This behavior would not occur in infinite networks, since
it is due to some effects at the network’s edges. In infinite
networks, the error curves would be as in Figs. 4 and 7.



Figure 11. This figure shows both errors
ē and ê as a function of the transmission
range r after incorporating the position cor-
rections.

would be concatenated repetitions of those curves
presented in Figs. 4 and 7.

The situation changes, however, for sensor nodes
towards the network’s edges. For a transmission
range 2d<r≤3d, for example, α0-nodes would receive
messages from beacons B0, B1, and B2. In that case,
they would derive a position x̃α0=xB1 , which is far
from their true physical location; it would be the ac-
tual position of γ0-nodes. Similarly, all β0, β1, and γ0-
nodes would derive wrong positions. Evidently, the
same holds for the network’s right-hand-side. These
effects would lead to unnecessarily increased error val-
ues as already presented in Fig. 10.

To compensate for the increased errors discussed
above, the coarse-grained localization algorithm with
centroid determination (Eq. (1)) requires some ap-
propriate extensions. According to Figs. 1 and 3,
all nodes receive a minimum of m=b2r/dc messages;
some receive ni=m messages, others ni=m+1. At
the edges, though, nodes receive ni<m messages. If
those nodes derive a location at either of the net-
work’s edges, i.e., xi ≤ md/2 or xi ≥ D −md/2, re-
spectively, the location should be corrected by xi ←
xi − (m− ni)d/2 or xi ← xi + d(m− ni)/2.

These corrections of the proper algorithm (Eq. (1))
require only very small computational resources; they
can be thought of as virtual beacons off the right and
left-hand-side. The extended localization algorithm
yields significantly improved error curves ē and ê as
can be seen in Fig. 11 (as compared to Fig. 10). Af-
ter calculating the corrected positions, the algorithm
might apply additional operations (verifications) to
further improve its robustness.

5.2. The two-dimensional case
The extensions described above can be adopted by

the two-dimensional case in a straight forward way,

since the coordinate axes x and y are independent of
each other. In the middle of the network, all nodes
receive a minimum of m=mx+my messages, with mx

and my denoting the minima in each coordinate di-
rection. Nodes towards the network’s edge or corner
will be receiving fewer messages. Depending on the
axis on which a node receives fewer distict values, the
node has to apply the one-dimensional correction.

6. Conclusion

The pertinent literatur has proposed several local-
ization algorithms for wireless sensor networks. This
paper has focused on a particular variant, also known
as coarse-grained localization with centroid determi-
nation [3], since it has received recent attention (prob-
ably due to its low computational requirements). In
this algorithm, the beacons are distributed on a regu-
lar grid (infrastructure case), whereas all sensor nodes
are distributed randomly.

The main goal of this paper was to gain a better
understanding by doing an extensive theoretical anal-
ysis. For the sake of simplicity, this analysis was done
in two steps, and, in contrast to existing approaches,
has focused on sensor networks of finite size. This pa-
per then derived optimal beacon distributions, which
yield smaller error values at lower energy costs.

A main disadvantage of the existing algorithm is
that its performance progressively degrades (in finite
networks) for increasing transmission ranges. The
latter, however, is essential for enhancing the algo-
rithm’s robustness. With the theoretical analysis in
hand, this paper has proposed some algorithmic ex-
tensions, which perform position correctons at low
computational costs. The proposed extensions gener-
ally overcome the original performance degradation.

The theoretical analysis presented in this paper
suggests that further improvements are not possible
without substantial changes. Future research will be
devoted to the development of a learning scheme (as
knwon from neural networks) to fine tune the sensor
nodes’ positions.
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